Dynamical quantum phase transitions (DQPTs) are manifested by time-domain nonanalytic behaviors of many-body systems. Introducing a quench is so far understood as a typical scenario to induce DQPTs. In this work, we discover a novel type of DQPTs, termed "Floquet DQPTs", as intrinsic features of systems with periodic time modulation. Floquet DQPTs occur within each period of continuous driving, without the need for any quenches. In particular, in a harmonically driven spin chain model, we find analytically the existence of Floquet DQPTs in and only in a parameter regime hosting a certain nontrivial Floquet topological phase. The Floquet DQPTs are further characterized by a dynamical topological invariant defined as the winding number of the Pancharatnam geometric phase versus quasimomentum. These findings are experimentally demonstrated with a single spin in diamond. This work thus opens a door for future studies of DQPTs in connection with topological matter.
DQPTs are often associated with quantum quenches, a protocol in which parameters of a Hamiltonian are suddenly changed [1, 2] . A quantum quench across an equilibrium quantum critical point may induce a DQPT. If pre-quench and post-quench systems are in topologically distinct phases, DQPTs may also be characterized by dynamical topological invariants [3] [4] [5] . As a promising approach to classify quantum states of matter in nonequilibrium situations, DQPTs have been theoretically explored in both closed and open quantum systems at different physical dimensions [2, 7, 8] . Experimentally, DQPTs have been observed in trapped ions [3, 10] , cold atoms [11, 12] , superconducting qubits [13] , nanomechanical oscillators [14] , and photonic quantum walks [15, 16] .
To date, in most studies of DQPTs, a quantum quench acts as a trigger for initiating nonequilibrium dynamics and then exposing the underlying topological features. However, DQPTs under more general nonequilibrium manipulations are still largely unexplored [17] [18] [19] . In particular, because the dynamics of systems under time-periodic modulations has led to fascinating discoveries like Floquet topological states [20] [21] [22] [23] [24] and discrete time crystals [25] [26] [27] , it is urgent to investigate how DQPTs may occur in such Floquet systems. Along this avenue, there have been scattered studies, but still with the notion that DQPTs are best aroused by a quench to some system parameters [28, 29] . Here we introduce a novel class of DQPTs, termed Floquet DQPTs, which can be regarded as intrinsic features of systems with time-periodic modulations. As schematically shown in Here Hi and H f denote the Hamiltonians before and after the quench, H(t) denotes a periodically and continuously modulated Hamiltonian. Fig. 1 , the Floquet DQPTs we discovered occur within each period of a continuous driving field, without the need for any quenches. In the model investigated below, the occurrence of Floquet DQPTs and the emergence of Floquet topological phases are in the same parameter regime. We further perform a quantum simulation experiment using a single electron spin in diamond to verify our main theoretical findings. For a periodically modulated system H(t) = H(t + T ) with T the modulation period and ω = 2π/T the frequency, the time-dependent Schrödinger equation yields solutions |Ψ n (t) = e −iεnt |Φ n (t) , with the Floquet mode |Φ n (t) = |Φ n (t + T ) and the quasienergy ε n ∈ [−ω/2, ω/2) [4] . Though a Floquet mode by definition becomes parallel to itself at multiple T 's, it still evolves nontrivially within each driving period (hence the micromotion dynamics). More specifically, consider a periodically driven system prepared initially at a manyparticle Floquet state |Ψ n (0) , which is the product state of Floquet modes |ϕ n (0) filling the quasienergy band n. The return amplitude of the system at t > 0 is then G n (t) ≡ Ψ n (0)|Ψ n (t) . In the thermodynamic limit, the rate function is defined as
where |G n (t)| 2 is the return probability, and N is the number of degrees of freedom, such as the number of lattice sites in a chain. The rate function g n (t) plays the role of a dynamical free energy [1, 31] , which is periodic in time with period T . Now if there exists a critical time t c , at which |Ψ n (t c ) is orthogonal to |Ψ n (0) , one finds G n (t c ) = 0. Then g n (t) as defined in Eq. (1) or its time derivatives becomes nonanalytic at t = t c .
We now focus on a harmonically driven spin chain described by H(t) = n [(δ 1 − Ω sin ωt)s are quantum spin-1/2 variables localized at site n of the chain; δ 1 , δ 2 , and Ω are system parameters. The associated Bloch Hamiltonian is found to be [31] H(k, t) = Ω sin k 2 [cos(ωt)σ x +sin(ωt)σ y ]+ δ 1 cos k + δ 2 2 σ z .
(2) where k is the quasimomentum. The dynamics governed by H(k, t) is analytically solvable and has been already experimentally realized in other quantum simulation studies [6] . The bulk dynamics of the system can be solved because each occupied k component of the system evolves independently. The Floquet state at each k is given by |ψ ± (k, t) = e −iE±(k)t U R (t)|ϕ ± (k, 0) . Here E ± (k) are quasienergy dispersions of two Floquet bands with the Floquet modes |ϕ ± (k, t) = U R (t)|ϕ ± (k, 0) , U R (t) = diag(1, e iωt ) is responsible for the micromotion dynamics, and |ϕ ± (k, 0) are the eigenstates of the static Hamiltonian
The micromotion dynamics arising from U R (t) is the rotation around the z axis (with frequency ω) on the Bloch sphere [31] . If there exists k = k c such that |ϕ ± (k, 0) lies in the x-y plane, then the micromotion dynamics can always rotate this initial state to a state pointing at exactly the opposite direction at t = t c = (2m − 1)T /2 for m ∈ Z + . That is, at t = t c the timeevolving state at this quasimomentum becomes orthogonal to its initial state. Assuming that the collective initial state of the system fills one of the Floquet bands |Ψ α (0) = k>0 |ψ α (k, 0) = k>0 |ϕ α (k, 0) with band indices α = + or −. At a later time t, the return amplitude of the system is given by G α (t) = k>0 G α (k, t),
there exists a critical momentum k c with δ 1 cos k c = ω − δ 2 , such that |ϕ α (k c , 0) lies in the x-y plane [31] and consequently G α (k c , t) = 0. Under the condition (3), the rate function g α (t) = − dk ln |G α (k, t)| 2 becomes nonanalytic at each critical time t c . It can be also shown that there exists a topological order parameter given by the winding number of the geometric phase over the Brillouin zone, namely,
where φ geo α (k) is the Pancharatnam geometric phase acquired during the evolution of a Floquet state at quasimomentum k [31] . When time passes the critical time of a Floquet DQPT, ν α (t) makes a quantized jump. The winding number ν α (t) as a dynamical topological invariant thus reflects the topological nature of Floquet DQPTs identified in the spin chain model here.
Before proceeding to experiment, three traits of Floquet DQPTs deserve to be highlighted. Firstly, no quantum quench from one equilibrium phase to another is required in our proposal, as the continuous driving field suffices to generate non-analyticities in the time domain. Secondly, the Floquet DQPTs introduced in this work repeat periodically in time, whereas the DQPTs following a single quench are usually visible only in transient time windows due to the decay of the rate function. Floquet DQPTs are therefore more accessible to experiments. Thirdly, precisely under the same condition as in (3), our spin chain model is found to reside in a nontrivial "chiral-symmetric" Floquet topological phase [31] , as featured by two winding numbers defined with the oneperiod evolution operator in two chiral-symmetric time frames [7] . These two winding numbers can be used to predict topological edge states under open boundary conditions. As such, the Floquet DQPTs reported here not only provide an indirect probe to study these intriguing Floquet topological phases, but also suggest a remarkable connection between jumps in the dynamical topological invariant ν α (t) and the emergence of a Floquet topological phase [31] .
A negatively charged nitrogen-vacancy (NV) center in diamond is used in our experiment to simulate H(k, t) [6] , the many-body Hamiltonian in its quasimomentum representation. As shown in Fig. 2(a) , the NV center is composed of one substitutional nitrogen atom and an adjacent vacancy [34] [35] [36] [37] . In our experiment, an external static magnetic field around 510 G is parallel to the NV symmetry axis, which enables both the NV electron spin and the host 14 N nuclear spin to be polarized by optical excitation [38, 39] . The Hamiltonian of the electronic The energy splitting depends on the magnetic field which is parallel to the NV axis in this experiment. The two levels |ms = 0 and |ms = −1 are encoded as a qubit which is manipulated by microwaves (MW). (c) Pulse sequence for qubit control and measurement. In the pulse sequence illustrated here, the microwave pulse in the measurement section aims for acquiring the return probability. The Bloch vector of the quantum state and the direction of the rotating field are shown below the pulse sequence.
ground state of the NV center with a static magnetic field B applied along the NV axis (also the z axis) is H NV = DS 2 z +γBS z , where S z is the angular momentum operator for spin-1, D = 2π × 2870 MHz is the zero-field splitting, and γ = 2π × 2.8 MHz/G is the gyromagnetic ratio of the NV electron. As illustrated in Fig. 2(b) , microwaves generated by an arbitrary waveform generator drives the transition between the electronic levels |m s = 0 and |m s = −1 which compose a qubit. The level |m s = 1 remains idle due to large detuning. The probability in |m s = 0 can be read out via fluorescence detection during optical excitation. All the optical procedures are performed on a home-built confocal microscope, and a solid immersion lens is etched on the diamond above the NV center to enhance the fluorescence collection [40, 41] .
In our experiment, the evolution at different k is performed separately in different experimental runs. The pulse sequence for each k is sketched in Fig. 2(c) . At first, the qubit is polarized to the state |0 by a laser pulse [green bar in the preparation section in Fig. 2(c)] . A resonant microwave pulse [orange bar in Fig. 2(c) ] is then applied to prepared the initial state as |ϕ − (k, 0) , which occupies the lower quasienergy band. The Bloch vector of this initial state is along the direction n(k, 0) = (−Ω sin k, 0, ω − δ 1 cos k − δ 2 ). The parameters adopted in our experiment are Ω = 2π × 10 MHz, ω = δ 1 = 2π × 5 MHz, and δ 2 = ±2π × 5 MHz. For δ 2 = 2π × 5 MHz, the prepared initial state lies in the x-y plane for k c = π/2. This is not the case for any k if δ 2 = −2π × 5 MHz, thus excluding DQPTs. Upon initial-state preparation, the qubit is left to evolve under H(k, t), namely, in the presence of a field with the transverse component Ω sin k and the longitudinal component δ 1 cos k + δ 2 . The field is rotated around the z axis with the angular frequency ω, which is implemented by applying a microwave pulse starting from t = 0, as depicted by the blue bar in Fig. 2(c) .
The evolution governed by H(k, t) lasts for some duration t e , and then the return probability
2 needs to be measured. The measurement procedure begins with a resonant microwave pulse [the magenta bar in Fig. 2(c) ], which steers the direction of n(k, 0) to the +z direction. It is followed by a laser pulse [green bar in the measurement section of Fig. 2(c) ] together with fluorescence detection. The later is collected via two counting windows represented by the red bars in Fig. 2(c) , with the first recording the signal while the second recording the reference [31] . The fluorescence collection amounts to the measurement of the probability in |0 , and this effect combined with the last microwave pulse is equivalent to the measurement of |G − (k, t e )| 2 . The above sequence is performed for a series of t e within 0.6 µs, and is iterated five hundred thousand times to obtain the expectation value. One can then get |G − (k, t)| 2 as a function of t. This procedure is repeated for different values of k ∈ [0, π]. The experimental data with δ 2 = 2π × 5 MHz and −2π × 5 MHz are illustrated in the upper panels of Fig. 3(a) and Fig. 3(b) , respectively. The experimental results agree with the theoretical ones which are shown in the lower panels. The results in Fig. 3(a) confirm that, in the case of δ 2 = 2π × 5 MHz where the DQPT condition in Eq. (3) is satisfied, the return probability at the critical momentum k c = π/2 vanishes at the critical times such as t = 0.1 µs, 0.3 µs, and 0.5 µs. The DQPT condition in Eq. (3) is not satisfied in the case of δ 2 = −2π × 5 MHz. The return probability never vanishes in this case as confirmed by the results in Fig. 3(b) .
Numerical integration over k based on the negative logarithm of these experimental data yields the experimental values of the rate function g − (t). Under the condition in Eq. (3) for Floquet DQPTs, the rate function behaves non-analytically at critical times, as shown by the kinks in Fig. 3 (c) [42] . By contrast, the rate function g − (t) stretches smoothly over time without nonanalyticity when the DQPT condition is not satisfied, as shown in Fig. 3(d) . This further demonstrates that Floquet DQPTs can be observed through the rate function.
In order to investigate the topological character of Floquet DQPTs, we next extract the Pancharatnam geometric phase of the time-evolving state from the expectation values of σ x , σ y , and σ z measured in our experiment [31] . The pulse sequence for measuring these expectation values is similar to that in Fig. 2 (c) except for the last microwave pulse. This resonant microwave pulse rotate the direction of +x or +y to +z for the measurement of σ x or σ y , respectively. The pulse is not needed for the measurement of σ z . The experimental and theoretical values of the geometric phases for δ 2 = 2π × 5 MHz and −2π × 5 MHz are illustrated in Fig. 4 (a) and (b). Geometric phases with 2π difference are equivalent and we have thus set them in the range from −π to π. The net discontinuous jump of the geometric phase along the k dimension is a signature of the winding of the geometric phase with quasimomentum. The number of winding then yields ν − (t) defined in Eq. (4) as a dynamical topological order parameter. In the case of Fig. 4 (a) with Floquet DQPTs, the measured geometric phases manifest a jump from −π t / μs t / μs to π at the first critical time t = 0.1 µs. The number of net jumps increases by one once a new critical time is passed, in particular at t = 0.3 µs and t = 0.5 µs. Therefore, ν − (t) increases from one at t = 0.1 µs to three at t = 0.5 µs. By contrast, in the case of Fig. 4 (b) where the DQPT condition in Eq. (3) is not satisfied and hence there are no DQPTs, the measured geometric phases has no net jumps along the k dimension. Even when there is a discontinuous jump from −π to π, it is cancelled by a reversed jump from π to −π, resulting in no change in ν − (t). Some noisy but insignificant patterns in the experimental results are mainly due to the imperfection of the microwave pulses. Nevertheless, even in the presence of such experimental errors, all the principal characteristics of Floquet DQPTs in connection with jumps in the dynamical topological order parameter have been clearly demonstrated.
In conclusion, we have discovered and experimentally demonstrated a new class of DQPTs as intrinsic features of quantum systems subject to smooth and periodic time modulations. Floquet DQPTs here are found to have two-fold topological nature. Firstly, their occurrence leads to jumps in a dynamical topological invariant. Secondly, the system parameters yielding Floquet DQPTs lie in a regime accommodating topologically nontrivial Floquet phases. Our work thus opens a door for future studies of DQPTs in connection with topological matter.
Supplemental Material

I. THEORY
In this supplementary note, we present in detail our theory of Floquet dynamical quantum phase transitions (DQPTs). We first briefly review the basics of conventional DQPTs and Floquet theory. Following that, we introduce our definition of Floquet DQPTs and discuss its general features. To demonstrate these features, we study the periodically driven spin chain model whose Hamiltonian in thermodynamic limit can be mapped to a qubit in a rotating field. We further solve this driven qubit model analytically and describe its Floquet DQPTs by (i) the Fisher zeros of the Loschmidt (return) amplitude, (ii) the rate function of Loschmidt echo (return probability), (iii) the pattern of a non-adiabatic, non-cyclic geometric phase, and (iv) a dynamical topological winding number. We also reveal the relation between Floquet DQPTs found in our model and its underlying Floquet topological phases. Finally, we illustrate numerically our theoretical predictions in three examples.
A. Elements of DQPTs
In this section, we briefly review the definition of DQPTs for quenched evolutions. According to Ref. [S1] , a DQPT means that the time derivative of certain observable at a given order shows a jump or a singularity in time. It is therefore a real-time non-analytic signature in dynamics. The central quantity in the description of DQPTs is the return amplitude, defined as
where |Ψ i is the initial state of the system, usually chosen to be the ground state of some many-body Hamiltonian H i , and H f is the Hamiltonian governing the evolution of the system after the initial time t = 0. A nonequilibrium dynamical process is generated if [H i , H f ] = 0, which can be realized by performing a quantum quench from H i to H f at t = 0. Formally, G(t) mimics the so-called boundary partition function in equilibrium statistical mechanics, which can be seen by rotating the time t to the complex plane (it
. The zeros of G(z) are called Fisher zeros. They form a dense set in thermodynamic limit. A real-time Fisher zero of G(z) appears when this set crosses the imaginary time axis at some critical time t = t c , where the rate function of return probability,
or its time derivative becomes non-analytic as a function of time. Here N is the number of degrees of freedom of the system. Mathematically, this is closely related to the microscopic Lee-Yang theory of phase transitions. Therefore G(t) and g(t) are sometimes called dynamical partition function and dynamical free energy, respectively, whereas t c is called the critical time of a DQPT, analogous to the critical temperature of a thermal phase transition. Theoretical studies have shown that DQPTs usually happen in dynamics following a quench across the equilibrium quantum phase transition point of the prequench Hamiltonian [S2] . Experimentally, DQPTs characterized by kinks in return rates at critical times were first observed in a one-dimensional chain of 10 trapped ions [S3] .
B. Elements of Floquet theory
In this section, we recap some basics of Floquet theory [S4] that will be used in this study. A Floquet system is described by a time periodic Hamiltonian H(t) = H(t + T ), where T is the driving period and ω = 2π/T is the driving frequency. A complete set of solutions of the time-dependent Schrödinger equation is given by the Floquet states {|Ψ n (t) }, with each of them satisfying (take = 1)
The Floquet state |Ψ n (t) can be further decomposed as |Ψ n (t) = e −iεnt |Φ n (t) , where ε n ∈ [−ω/2, ω/2) is called the quasienergy and |Φ n (t) is called the Floquet mode. A Floquet mode is time periodic, i.e., |Φ n (t) = |Φ n (t + T ) . All such Floquet modes form an orthonormal, complete set at any time t, i.e.,
In terms of the quasienergies and Floquet modes, the time evolution operator of the system from an initial time 0 to a later time t can be expressed as
It is not hard to verify that U (0) = 1 and
as expected. One may further write a Floquet mode |Φ n (t) as |Φ n (t) = P (t)|Φ n (0) , where P (t) = P (t + T ) is called the micromotion operator.
C. Floquet DQPTs -definition and properties
We will introduce our definition of Floquet DQPTs in this section. Consider a system described by a time-periodic Hamiltonian H(t), which is prepared initially (t = 0) at an N -particle Floquet state |Ψ n (0) , given by Floquet modes |Φ n (0) filling the quasienergy band n. At a later time t, the return amplitude of the system to its initial state is given by
The time evolution operator U(t) = T e −i t 0 dsH(s) , where T denotes the time ordering operator. In terms of quasienergies and Floquet modes, U(t) can be expressed as Eq. (S5). Then we can write the return amplitude for each Floquet mode involved in the dynamcis as
The corresponding return probability to the initial state is given by
with the micromotion operator P (t) introduced in the previous section. In thermodynamic limit, the rate function of return probability reads
where N is the number of degrees of freedom (e.g., number of particles) of the system and the summation occ. is taken over the N occupied states. In our construction of Floquet DQPTs, g n (t) plays the role of a dynamical free energy. If there exists a critical time t c , at which |Φ n (t c ) is orthogonal to the initial state |Φ n (0) , G(t c ) will vanishes. Then g n (t) as defined in Eq. (S10) or its time derivatives will become non-analytic as a function of time t. We refer to this as a Floquet DQPT. From Eq. (S9), one may interpret a Floquet DQPT as originated from the interplay between the stroboscopic nature of the system encoded in its Floquet mode |Φ n (0) , and the micromotion within a driving period described by P (t).
Compared with the DQPTs following a sudden quench [S1], a notable difference of Floquet DQPTs is that they happen in time periodically. This is not hard to see from Eq. (S10), since
Therefore, if t c is a critical time, then t c + νT is also a critical time for any ν ∈ Z, with g n (t) taking equal values at these critical times. Practically, this means that Floquet DQPTs will not just happen in a transient time scale as the DQPTs following a single quench, but will be observable with equal strength in a much wider time window thanks to the periodic drivings applied to the system. Furthermore, the driving fields also yield more freedom to control Floquet DQPTs in the system. In the following sections of this theoretical part, we will study an analytically solvable driven spin chain model as described in the main text, which possesses the defining features of Floquet DQPTs. We will further map the Hamiltonian of this driven spin chain to the parameter space of a qubit in a rotating magnetic field, which allows us to develop a systematic description of Floquet DQPTs in this system (see Table I for an outline).
D. Floquet DQPTs in a periodically driven spin chain
We start with a periodically driven spin chain with the Hamiltonian (S13) where δ 1 , δ 2 and Ω are real parameters, ω = 2π/T is the driving frequency with T being the driving period, and s x,y,z n are quantum spin-1/2 variables located at site n of the spin chain. The terms on the right hand side of Eq. (S12) describes the usual XY model with time-dependent nearest-neighbor couplings, whereas the terms in Eq. (S13) are some anomalous coupling terms. In terms of Pauli spin variables σ x,y,z n = 2s
x,y,z n , the spin chain Hamiltonian can be
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Obtained from the spin chain Hamiltonian through Hamiltonian H(k, t) = Ω sin k[cos(ωt)σx + sin(ωt)σy]/2 + (δ1 cos k + δ2)σz/2 Jordan-Wigner and Fourier transforms, Bloch Hamiltonian
E±(k) and |ϕ±(k, 0) are eigenvalues Floquet eigenstates |ψ±(k, t) = e −iE ± (k)t UR(t)|ϕ±(k, 0) and eigenstates of HF (k) Initial
Total phase minus dynamical phase geometric phase Dynamical
Topological order parameter winding number of the Floquet DQPTs expressed as
Pauli spins are anticommute at the same site, i.e. {σ β n ] = 2iδ mn αβγ σ γ n , with α, β, γ ∈ x, y, z. In the following, we first fermionize H(t) by applying the Jordan-Wigner transformation, and then apply the Fourier transform to the resulting free fermionic lattice model to obtain a single qubit Hamiltonian in momentum representation under periodic boundary conditions.
Fermionization of the spin chain
The Jordan-Wigner transformation is a non-local transformation. It is often used to exactly solve 1D spin chains such as the Ising and XY models by transforming the spin operators to fermionic operators, and then doing diagonalizations in the fermionic basis [S5] .
We first express σ 
In terms of σ ± n and σ z n , the spin chain Hamiltonian reads
The Jordan-Wigner transformation (JWT) is defined as
where the fermionic creation and annihilation operators f † n and f n satisfy the anti-commutation relations
Using the JWT, we find
and
Using these relations, we find the fermionized spin chain model to be
Dropping the constant term (δ 2 /2) n 1, which only introduces a global shift to the energy, we arrive at the following quadratic fermionic Hamiltonian
The first term on the RHS of Eq. (S25) describes a nearest neighbor (NN) hopping of fermions with hopping amplitude δ 1 /2. The second term describes an onsite potential with strength δ 2 . The third term describes superconducting pairing interactions between NN fermions, with a complex pairing strength Ω/(2i) modulated periodically in time with the period T = 2π/ω.
Mapping a fermionic chain to a qubit
Under the anti-periodic boundary condition f n = −f n+N [S5] , the fermionic Hamiltonian Eq. (S25) can be further simplified by performing a Fourier transform, where N is the total number of lattice sites.
The Fourier transform is given by
where the quasimomentum k is in the first Brillouin zone (BZ), and the lattice constant has be set to 1. Using this transform, we find
Plugging Eq. (S27) into Eq. (S25), we find
In terms of the spinor basis Ψ † k = f † k f −k , we can further express H(t) as (up to a constant)
where the Hamiltonian H(k, t) is given by
with
Notably, the Hamiltonian H(k, t) is exactly the Hamiltonian realized in the single-qubit simulation of generalized Thouless pump [S6] , where the quasimomentum k is mapped to angles of the qubit on the Bloch sphere. Furthermore, as will be shown in the next section, the dynamics described by H(k, t) is analytically solvable. Therefore this model serves as an ideal playground to explore Floquet DQPTs.
E. Simulation of Floquet DQPTs by a driven qubit
The Hamiltonian H(k, t) in Eq. (S30) also describe a qubit in a rotating field. The dynamics of the qubit obeys the Schrödinger equation
In the rotating frame defined by
the Hamiltonian in Eq. (S30) is transformed to
where σ 0 is a 2 × 2 identity matrix. with the rotated state
The eigenvalues of the Hamiltonian in Eq. (S34) are
The eigenstates are
with the energy gap ∆(
The solution of the Schrödinger equation (S32) can be written as
The Floquet states and the Floquet modes are
With these results, we are ready to explore Floquet DQPTs through this driven qubit model. Following our definitions in Sec. , we choose the initial state of the system to fill one of the Floquet band, i.e.,
Due to the conservation of k, the dynamics of Floquet states with different k can be treated separately. We will keep this in mind and derive relevant quantities to characterize Floquet DQPTs in the following subsections.
Return amplitude
For a state initialized at t = 0 in a specific Floquet-Bloch state |ψ ± (k, 0) , its return amplitude at a later time t is given by
where we have used Eq. (S39) to arrive at the second equality. According to our discussion in Sec. , the condition for a Floquet DQPT to happen is that there exist some quasimomentum k and time t at which G ± (k, t) vanishes. Since the factor e −iE±(k)t can never be zero, this condition is equivalent to ϕ ± (k, 0)|U R (t)|ϕ ± (k, 0) = 0. Using Eqs. (S33) and (S37), this condition is explicitly given by
Physically, one may interpret this as requiring the average of micromotion effects described by U R (t) to vanish, which will happen when the initial state evolves to its orthogonal state.
Fisher zeros
The critical momenta and times of Floquet DQPTs are determined by the Fisher zeros of the return amplitude G ± (k, t). To find these zeros on the complex plane, we extend it → z ± = τ ± + it ± , where τ ± and t ± are all real numbers. The condition Eq. (S42) can then be expressed as
whose solutions z ± are
Since the appearance of a Floquet DQPT is related to the existence of a Fisher zero on the imaginary axis (τ ± = 0), the critical momentum k c is given by the positive k solutions of
and the critical times are determined by
As an important feature, the critical times in our model are independent of k, which means that each line of Fisher zeros with a given n is parallel to the real axis in the complex z ± plane. Whether or not there exists a Floquet DQPT is determined by whether a given line of Fisher zeros could go across the imaginary axis, and therefore whether there is a positive critical momentum k = k c which solves Eq. (S45).
To summarize, our system prepared at a filled Floquet band (|Ψ ± (0) = k>0 |ψ ± (k, 0) ) will undergo Floquet DQPTs if there exist a k = k c such that τ ± (k c ) = 0. The corresponding Floquet DQPTs happen at critical times t ± = (2n − 1)T /2 (i.e., at each midpoint of a driving period) for all n ∈ Z + .
Explicit condition of Floquet DQPTs in the driven qubit model
To have an explicit expression for the critical momentum k c , we need to find the solution of Eq. (S45), or equivalently
This expression can be simplified to h z (k) = ω/2, which entails the critical condition
This condition can only be satisfied if
Therefore, there are Floquet DQPTs at critical times t ± = (2n − 1)T /2 for all n ∈ Z + if the condition (S49) is satisfied.
To understand the physical meaning of this condition, we first consider two limiting cases. In high-frequency limit (ω → ∞), the condition (S49) can not be satisfied for finite values of δ 1 and δ 2 . So there is no Floquet DQPTs in high-frequency limit. In low frequency limit (ω → 0), there are Floquet DQPTs if |δ 2 /δ 1 | ≤ 1. However, in this limit, we also have T → ∞ and we need to wait an infinite long time for the first Floquet DQPT to happen. So practically there is also no Floquet DQPTs in low frequency limit in our model. Putting together, nontrivial regimes for Floquet DQPTs to happen appear only at finite driving frequencies, independent of the driving amplitude Ω/2.
To further understand Eq. (S49), we recall the Floquet effective Hamiltonian H F (k) in Eq. S34. This Hamiltonian defines a two-component vector [Ω sin k, δ 2 − ω + δ 1 cos k], the trajectory of which versus k forms an ellipse confined in the x-z plane. The center of the ellipse is located on the z-axis, and its two vertices are at (δ 2 − ω ± δ 1 , 0). The ellipse will encircle the origin (0, 0) of the z-x plane if and only if
The number of times that the vector (δ 2 − ω + δ 1 cos k, Ω sin k) encircles the origin of z-x plane as k changes from 0 to 2π defines a winding number, which is a topological invariant. For H F (k), it equals to 1 (counterclockwise encircling) or −1 (clockwise encircling) when the condition (S50) is satisfied. Furthermore, Eq. (S50) is equivalent to |ω − δ 2 | < |δ 1 |, which is nothing but Eq. (S49), so long as the spectrum of H F (k) is gapped. So in our driven qubit model, we find that there are Floquet DQPTs if the effective Floquet Hamiltonian H F (k) is topologically nontrivial. In the following subsections, we will further build the connection between Floquet DQPTs and the topological phases of our Floquet system with the help of the symmetry classification of Floquet topological states.
Meaning of critical momentum
To further understand the physical meaning of critical momentum k c , let's focus on the evolution of the Bloch state right at k c . According to Eq. (S48), the Floquet effective Hamiltonian at k c is
The resulting Floquet modes at t = 0 are thus eigenstates of σ x , i.e., |ϕ ± (k c , 0) =
(1, ±1) . The propagator evolving this state from t = 0 to t c = T /2 is given by
where h f (k c , T /2) is interpreted as an effective Hamiltonian for the evolution from t = 0 to t c = T /2. It is clear that the initial state |ϕ ± (k c , 0) is an equal-amplitude superposition of the two eigenstates of h f (k c , T /2), and therefore populating equally its two levels. This generalizes the situation in conventional DQPTs [S1] , where a time-independent final Hamiltonian h f [analogous to our h f (k c , T /2) here], and usually with more complicated structures, is obtained by performing a quench across a quantum critical point. The quench-free protocol and the simple structure of h f (k c , T /2) simplify the simulation of Floquet DQPTs in our experimental platform and make the transitions more robust to observe in long-time domains.
Floquet DQPTs and Floquet topological states
From Eq. (S38) one can see that the evolution operator at a given k is
One can then introduce two symmetric time frames, in which the Floquet operators are
Both U 1 (k) and U 2 (k) have the chiral symmetry Γ = σ y , in the sense that
They are both unitarily equivalent to U (k, T ). Up to a global constant, the effective Hamiltonians in these two time frames are given by
Now let W 1 and W 2 be the winding numbers of H
(1)
F (k), respectively. Using the components of H
F (k), they can be written as
It is clear that we always have W 2 = −W 1 . According to the topological classification of chiral symmetric Floquet systems in one-dimension [S7] , the Floquet operator U (k, T ) can be characterized by a pair of winding numbers W 0 and W π , given by
They count the number of zero and π edge modes under open boundary conditions of the lattice model [S7] . The topological nontrivial regime of U (k, T ) is given by Eq. (S49), where we have W 1 = 1. Therefore, in this regime the system described by U (k, T ) is in a topologically nontrivial phase with winding numbers W 0 = 0 and W π = 1, possessing a pair of π quasienergy edge modes under open boundary conditions. Surprisingly, Eq. (S49) is also the condition under which Floquet DQPTs happen. We therefore unveil an explicit connection between the existence of Floquet DQPTs in micromotion times and the topological nature of the underlying stroboscopic Floquet states. In the following subsections, we will further characterize the topological features of Floquet DQPTs by a dynamical topological invariant.
Geometric phase and dynamical topological invariant
The geometric phase of return amplitude (S41) can be used to construct a dynamical topological invariant for characterizing Floquet DQPTs. This non-adiabatic, non-cyclic geometric phase is given by
where the total phase
and the dynamical phase
For our driven qubit model, the geometric meaning of φ geo ± (k, t) is the area subtended by a solid angle on the Bloch sphere. The boundary of the area contains two parts. One of them is the physical trajectory of the system, and the other one is the geodesic connecting two open ends of the physical trajectory [S8] . As shown in the main text, the pattern of φ geo ± (k, t) versus k and t could help us to find signatures of Floquet DQPTs.
As an example, consider the behavior of geometric phase φ geo ± (k c , t) at the critical momentum k c [S9] . In this case, the total phase is
and the dynamical phase is
So the geometric phase is
and it is straightforward to see that cos(πt/T ) > 0 nT < t < (n + 1/2)T < 0 (n + 1/2)T < t < (n + 1)T ∀n ∈ Z + .
Therefore the geometric phase φ geo ± (k c , t) has a π jump at the midpoint of each driving period. Note that this will not happen if there is no solution of critical momentum k c ∈ (0, π). Such a discontinuous behavior of the geometric phase at the critical momentum suggests a topological origin of Floquet DQPTs.
Using the geometric phase φ geo ± (k, t), we can construct a time-dependent dynamical topological invariant
At a given time t, it counts the number of times the geometric phase φ geo ± (k, t) winds around the Brillouin zone. When the evolution of the system passes the critical time of a Floquet DQPT, the value of ν ± (t) will gets a quantized jump if the condition (S49) is satisfied. Therefore, the winding number ν ± (t) establishes a direct connection between the topological nature of Floquet DQPTs in our system and the topological property of the evolving Floquet states.
F. Numerical examples
In previous subsections, we have introduced relevant quantities to characterize the Floquet DQPTs in a driven spin chain. In this subsection, we present numerical results to support our theoretical findings. Both situations with and without Floquet DQPTs will be considered.
In the first example as shown in Fig. S1 , we choose the system parameters to be Ω = 1, δ 1 = π, δ 2 = π/2, ω = π, and the initial state to be the Floquet modes k>0 |ϕ − (k, t) filling the lower Floquet band. It is directly seen that |ω − δ 2 |/|δ 1 | = 1/2 < 1. So there will be Floquet DQPTs at critical times t − = 2n−1 2 T = 2n − 1, and the critical momentum is k c = π/3. The figure above shows numerical calculation of relevant quantities over three driving periods. We see that each line of Fisher zeros crosses the imaginary time axis at a given critical time. At each of the critical time, the rate function of return probability g − (t) behaves non-analytically as a function of t, characterized by a kink structure around each t c and repeating at t c + nT for any n ∈ Z. Similarly, the number of 2π-jumps in the pattern of geometric phase φ geo − (k, t) versus k increases by 1 each time when the dynamics passes through a critical time. This is clearly reflected in the behavior of winding number ν − (t) in time.
In the second example as shown in Fig. S2 , we choose the system parameters to be Ω = 1, δ 1 = π/5, δ 2 = π/2, ω = π, and the initial state still to be the Floquet modes k>0 |ϕ − (k, t) filling the lower Floquet band. This time we have |ω − δ 2 |/|δ 1 | = 5/2 > 1. So the condition (S49) is not satisfied and there will be no Floquet DQPTs. The numerical calculations of Fisher zeros, rate function of return probability, geometric phase and winding number in three driving periods as presented in Fig. S2 clearly justify this finding.
As a final example shown in Fig. S3 , we choose the system parameters to be Ω = 1, δ 1 = −π, δ 2 = π/2, ω = π, and the initial state to be the Floquet modes k>0 |ϕ − (k, t) filling the lower Floquet band. It is seen that |ω − δ 2 |/|δ 1 | = 1/2 < 1. So there will be Floquet DQPTs at critical times t − = 2n−1 2 T = 2n − 1, and the critical momentum is k c = 2π 3 . The figure above shows numerical calculation of relevant quantities over three driving periods. We see that each line of Fisher zeros crosses the imaginary time axis at a given critical time. At each of the critical time, the rate function of return probability g − (t) behaves non-analytically as a function of t, characterized by a kink structure around each t c and repeating at t c + nT for any n ∈ Z. Similarly, the number of 2π-jumps in the pattern of geometric phase φ geo − (k, t) versus k increases by 1 each time when the dynamics passes through a critical time. This is clearly reflected in the behavior of winding number ν − (t) in time.
II. EXPERIMENT A. Experimental setup
The experiment is performed on an NV center in a {100}-face bulk diamond synthesized by chemical vapor deposition (CVD). The nitrogen impurity is less than 5 ppb and the abundance of 13 C is at the natural level of about 1.1%. The dephasing time of the NV electron spin is 1.7 µs. The NV center is optically addressed by a home-built confocal microscope. Green laser is used for optical excitation. The laser beam is released and cut off by an acousto-optic modulator (power leakage ratio ∼ 1/1000). To reduce the laser leakage further, the beam passes twice through the acousto-optic modulator. The laser is focused into the diamond by an oil objective (60*O, NA 1.42). The phonon sideband fluorescence with the wavelength between 650 and 800 nm is collected by the same oil objective and finally detected by an avalanche photodiode with a counter card. A solid immersion lens etched on the diamond by focused ion beam enhances the fluorescence counting rate up to 400 thousand counts per second. The microwaves are generated by an arbitrary waveform generator (AWG) and then strengthened by a power amplifier. Finally, the microwaves are radiated to the NV center from a coplanar waveguide. The magnetic field is supplied by a permanent magnet mounted on a translation stage.
which has the same form as in the rotating frame defined by R ini . The pulse lasts for some duration duration t e , which is a sampling point in time. Assume that the state of the qubit immediately after the pulse is ψ rot pump in this rotating frame. In the laboratory frame, the state is expressed as 
Finally, a resonant microwave pulse is applied to assist measurement. In the laboratory frame, the Hamiltonian of the qubit irradiated by the pulse is 
with ϕ fin = π/2. Here t is also the time starting from zero. In the rotating frame with the rotation operator R fin = e −i[ω0t+(ω0−δ1 cos k−δ2)te+ω0tini]σz/2 ,
the Hamiltonian in Eq. (S76) is transformed to
where the second equality is based on the rotating wave approximation. In this rotating frame, the state in Eq. (S75) is rewritten as
which has the same form as in the rotating frame defined by R evo . The pulse lasts for t ini = β/ω 1 . After the pulse, laser illumination is carried out to measure the probability in |0 . The combined effect of the final microwave pulse and its subsequent laser illumination amounts to the measurement of 
which yields the return probability | ψ(k, 0)|ψ(k, t) | 2 .
D. Experimental data analysis
As shown in Fig. 2(c) of the main text, the spin state is read out during the latter laser pulse and there are two counting windows. Such sequence is iterated five hundred thousand times. The total photon count recorded by the first (second) window during these iterations is regarded as signal (reference) and denoted by s (r). The raw experimental data is x = s/r. To normalize the data, a conventional Rabi oscillation is performed alongside. We fit the raw data of the Rabi oscillation using the function x = x 0 + a cos(ω R t + ϕ), and then normalize the experimental data as x n = (x − x 0 )/(2a) + 1/2. The data thus normalized represent the probability in |0 . In the experiment, the sampling points in t are 0, 0.020, 0. 
